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Introduction

With the advance of handhe®PS (Global Positioning System) devices speed
measurements for example of speedsurfers or sgeeslkecome affordable for everyone.
GPS units receive signals at a frequencyst5.42Mhzfrom typically up to twelve of the 28
satellites orbiting the Earth in about 20.180kngheiFrom the time differences of the
satellite signals the distances to the satellibesfaally the unit’s position (latitude,
longitude, and altitude) is calculated.

Position, time, and other measures are storedeoyriits with a typical rate df per
secondin so-calledrackpoints. Some units store time and positional data onlty. (e
Garmin® Geko, Foretrex, Forerunner, Edge), othésluike the Locosys® GT-11 save
NMEA -data (1) in their internal memory or on removabl2-cards. NMEA-data contain
much more than positional information like numbetracked satellites, satellite signal
strengths, confidence measures like Horizontaltituof Precision (HDoP), and Doppler-
speed (which is determined directly from the Dopgleft of the satellite frequencies and
thus completely independent from the positional gotations), etc. The possible use of
instantaneous Doppler-speed data for speed measotemas lately discussed in
speedsurfing blogs (2, 3) and will be compared keethe ‘traditional’ positional data based
methods. A nice overview of modern GPS-technolagylze found in (4).

Earth model

The Earth’s shape can be approximated by a rotdtalpsoid (spheroid) defined by it's
two semi axes (equatorial axis) and (pole axis). The flattening parameteas defined by
f=(a-b)/a. For the worldwide reference ellipsaldGS-84these parameters ag6378137m,
b= 6356752m, 1/f=298.25722356@/ith Helmert's formula ellipsoidal angle co-ordinates
that are contained in the GPS-data can be transtbimto Cartesian co-ordinates.

Speed Measurements
There are two ways to determine the speed of moneaighe GPS-unit:
1. indirectly from positional data differences a@hd corresponding time differences (the
time stamps are very well defined, error << 1usec)
2. directly from the instantaneous Doppler-speed

The first method can be applied to all GPS-unitssiposition and time is the minimum
information contained in the trackpoint-data. Theand approach is of course only possible
if there is access to the speed data as in the Nili&A format.

For the positional method there are two flavourddtermine the average speed over a
given time or distance. One can integrate (accui@uthe 1-second segment distances of the
trackpoint trajectory or one can determine theagis¢é from a start position to the actual
position and thus have a projected (or linear) dpeeasurement.

For the Doppler-speed method no positional datasee, this approach is very similar to
the accumulative approach of the positional speatptitations.

Instantaneous speed and distancep are linearly related by the corresponding time
differencedt needed to travel the distante between the positions andp;.1:

dp = [B+1 - pil dt = tisg - ds=dp/dt dp = ds dt Q)



The integration over time or distance is a simplamation over consecutive 1-second
pieces t = 1sec) of the whole trajectory giving the totetanceP, the total timeT, and the
average speegt

P = sum (dp) -> T = sum (df) -> S=P/T (2)

Equation 2 applies for both positional and Dopplecumulative methods, the projected
positional method uses the distance between apsignt (i=s) and an end point (i=e) only,
thus the intermediate points (i=s+1...i=e-1) ardéwvant Qe, = ps; = 0 in a 2-dimnesional
representation):

Pp = [(Pex— Ps)” + (Pey — Psy) 2+ (Pez— ps)1° 3)

The task of the evaluation program is to determaihpossible trajectory-segments that are
longer or equal to the given distance (100m, 280n% 1852m=nautical mile) or time (e.qg.
for the fastest 10sec runs, main ranking criteravivw.gps-speedsurfing.comand find the
fastest non-overlapping segments or the fastegpeuteg and finally average the 5 fastest
runs for the 5 x 10sec ranking (2).

Fig. 1. Example of a trajectory (measured with a GT-13%atdy Point, rider: A. Daff,
blue line connecting the measured trackpoints shasvplue circles) with accumulated
distance and projected distance between peiatgle (red line), the given minimum distance
is 500m The accumulated distanBg is 518.1m the projected distand® is 515.1m the
corresponding average speeds3ye41.961knotsandSe=41.718knots The average
Doppler-speed of the same rurfis=41.635knots Runtime in all casef=24sec

Fig. 2 Speed over time plot, ‘positional’ speed derifren the trackpoint positions
shown in white, Doppler-speed in green. Start-emditrackpoint are shown in red.
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Linear Interpolation

From the example above it is obvious that the actated distances are always larger
than the straight-line projections and thus thgguted positional spee@® are always
smaller than the accumulated spegglsThe larger the curvature of the trajectory, trgér
the differences between accumulated and projegieelds. There are special cases where a
projection does not reach the given distance,lmiatcumulated distance does (e.g. a circular
trajectory or a trajectory including a jibe).

Theaccumulated Doppler-speefis are a completely independent measure and do not
need positional information at all, thus a projetin this case is not possible.

However, in general the accumulated distances sodl@e projected distances are larger
than the given run length because of the coarsesecend sampling of the trajectory (for the
10sec ranking this is of course not a problem)efdy accuracy can be achieved by linear
interpolation of slower start- or end-piece, i.elyadhe fraction of the slower sub-segment is
used, that is needed to exactly reach the givaardis. In the example above the first 1-
second sub-section wa®.6mlong with a speed ¢f0.050knots(Doppler-speed:
39.64knots), the last sub-section dsémlong with a speed @ef1.730knots(Doppler-
speed: 40.61knots). Thus from the first sectiory @.6m — (518.1m — 500m) = 2.5m are
needed to reach the given 500m run-length. Thidtsem a slightly larger, more realistic
speed o#12.033knotsfor the accumulated spee@l@72knotsfaster than without linear
interpolation, see above).

The same can be applied to the projected and tpplBespeed result§q=41.796knots
(0.078knotsfaster) andsp =41.694knots(0.059knotsfaster). For constant speed linear
interpolation of course does not make a differearae for runs with faster start and finish
sections linear interpolation gives slightly slovaeerage speeds.

Error Bounds

In order to estimate error bounds of the diffei@regrage speed calculations the error
propagation of the individual trackpoints has tacbasidered. The most simple case is the
projected positional speed case where only thedird the last trackpoint need to be
considered. If the positional error (standard dewmg of the first point (indeXs) and of the
last point (inde>E) is D than the total errdd+ in a simplified one-dimensional case is given
by Dt = °* D= 1.41 * D(Gaussian error propagation, directional influerigasred). IfN
independent values are added like in the accuroulatiethods the total standard deviation is:

Dr=N°%*D “)

D is the standard deviation of the individual tramikp and is assumed equal for all
trackpoints. If one takes the specifications (5)haf GT-11 (D = 25m for the absolute
localization error and D = 0.1m for the Doppleraperror method (derived from the
Doppler-speed error of 0.1m/s = 0.2knots and lreeampling rate), one would get the
following total errors for the 500m run from aba= 24: 24 seconds run-time):

Dra = 24°* 25m = 122m Drp = 2°* 25m = 35m Do = 24°*0.1m = 0.5m

Since the time interval can be considered errae;fiteese total positional errors would
translate into the following speed error margins:

Dra = 9.9knots Dp = 2.9knots Dp = 0.04knots

However, from practical experience the errors agfigdor the positional speeds seem
way to large. Otherwise e.g. the trajectory (Figwith approximately 20m sub-segments and
also the rather smooth speed over time curve @igrould look much more zig-zagged. The
reason is that the relative or short time accummayuch better than the absolute accuracy and
that for the speed calculations only position défeces (distances) are used (Eg. 1-3). Thus
experiments were performed to get more represeatateasures.
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Experiments

The positional and Doppler-speed standard devisittam be measured by simply
analysing data from a stationary unit, since theedpange we are interested in here
(~40knots) is rather small compared to the reladpweed of a resting unit and the satellites.
The satellites finish one full orbit in about 12heuaking into account the Earth’s rotation,
the satellites are at the same positions (seentheriarth) after 24hours. Thus it does not
make much difference considering a stationary @eorca unit travelling at 40knots, as long
as the satellites tracked do not change.

Stationary Measurements

Fig. 3 shows positional and speed data from aosiaty GT-11 storing trackpoints for
more than one and a half hour. The obvious gride¢fis caused by the limited number of
decimals of the latitude and longitude angles e@NIMEA-sentences and leads to a spatial
resolution 0f0.19min North-South direction and to 0.19m * cos (5360.11min East-
West direction (latitude of Hamburg/Germany: 53.8He Garmin units suffer from a rather
severe grid-effect d.39min NS- andlL.42min EW-direction. With a logging rate of 1 per
second this leads a speed resolution of the GTh-NS-direction of 0.19m/s 6.36knots
(Garmin:4.64knot9 and 0.11m/s ©.21knots(Garmin:2.76knotg in EW-direction.
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Fig. 3. Stationary GT-11 measurements (left), upper pdradkpoints and sky-view of
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shown (dashed grid - size 1m).

Fig. 4 GT-11: Number of satellites (blue) and Horizordéution of Precision (red).



The effect can clearly be seen in Fig. 3, the mesliate speed values are caused by
diagonal positional ‘jJumps’ but are all composedhw elementary grid unit:
1*NS+1*EW=0.42knots, 2*EW=0.42knots, 1*NS+2*EW=0I5tots, 3+EW=0.64knots,
2*NS=0.72knots, etc.

The green Doppler-speed curve in Fig. 3 shows howhnmore stable this more direct
speed-measurement is as compared to the derivetish® positional speed values. The
Doppler-speed resolution i801knots(from NMEA-sentence GPRMC). Fig. 4 displays the
time-courses of the number of satellites and thePHvalues of the GT-11. For the Foretrex
these data are not available. Fig. 5 and 6 showlifitebutions of the Doppler- and short-time
positional speeds respectively. Similar experimerdee repeated several times, the results
can be found in Tab. 1.
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Fig. 5: Distribution of Doppler-speed values of a stasignGT-11 unit. The equivalent
average short time positional error is 0.082knatst).042m
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Fig. 6: Distribution of positional, grid-effect dominategeed values of a stationary GT-
11 unit (the horizontal scale differs by one ordiemagnitude from Fig.5). The equivalent
average short time (1 second) positional error44Khots*1sec8.21m
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21.04.2007 knots knots

4104 points sats Doppler position
average 7.508 0.060 0.419
std. dev. 0.505 0.028 0.265

min 7 0 0
max 9 0.25 1.914

03.05.2007 knots knots

5970 points sats Doppler position
average 7.085 0.082 0.414
std. dev. 1.202 0.027 0.271

min 5 0.01 0
max 9 0.22 2.261

05.05.2007 knots knots

4065 points sats Doppler position
average 8.014 0.081 0.429
std. dev. 0.743 0.025 0.259

min 6 0.01 0
max 9 0.2 2.097

Table 1 Statistical evaluation of three stationary GTridasurement sessions.

Error Bounds Using Short Time Stability

Using the experimentally determined short timegdosid) stability results (0.082knots
for Doppler-speed, 0.41knots for positional spdedjhe error estimation, the following error
bounds for the 500m run discussed above (24 secanelime) can be calculated:

Accumulated speela, projected (linear) speddp (for the projected speed the
accumulated short time errors have to be usedadsitthe absolute errors of start- and end-
trackpoint only, thus the same result as for tleeianulated positional speed is achieved here),
and accumulated Doppler-spdeh:

Dra = 24°*0.21m = 1.03m
Drp=24°*0.21m = 1.03m
Drp = 24°*0.042m = 0.21m

Since the time interval can be considered errae;filgese total positional errors would
translate into the following speed error margins:

Dta = 0.09knots B> = 0.09knots B = 0.017knots

These values look rather optimistic and takingrtbie Gaussian distribution of the
positional speed (grid-effect) and the rather lasgandard deviation of the average and
maximum values (outliers, see Tab. 1) as comparéuaketcorresponding Doppler-speed
values into account, a factor of 2 for the posiicspeed errors seems to be more adequate. If
we now use 2 standard deviatio@e), resulting in a confidence limit &5.4% (a single
standard deviation gives8.3% probability margins only), we get:

Dra = 0.34knots B = 0.34knots B = 0.033knots

The more direct Doppler-speed measurements have altoone order of magnitude
smaller error bounds as compared to the ‘traditiond position based speed
measurements.



Since the errors depend on the run-timéhe general formula for the error bounds at 1
second sampling rate using the experimentally fahwait time accuracy values Roj:

Dra = Dyp = +/-T%°* 0.84m =>  +/-1.68/ P%nots (5)
Drp = +/-T%°* 0.084m =>  +/-0.16 / ¥*nots

Thus, e.qg. for th&0 seconduns follows:

Dta = Dyp = 4/-0.53 knots Dtp = +/-0.05knots
and for the average of the fastest 5 runs:
Dta = Dyp = 4/-0.24 knots Dtp = +/-0.02knots

For the distance based measures (100m, 250m, S@%8Am) the errors depend on the
speed (-> run-time), but can of course easily beutated. The faster and the shorter the run,
the larger the error, however, there is only a sgjuaot dependency (Eq. 5).

Examples

Several data sets from northern Germany (rideHéinig) and one from Sandy Point
(rider: A. Daff) were analyzed (Fig. 7) using thege different approaches to determine the
fastest (1 second), 2s, 10s, 100m, 250m, and 500musing GPSResults'(6):

accumulateds, , projected (linearye, and accumulated Doppler-spegd

Since the Doppler-speed error margins are by fasthallest (see above), Doppler-speed
was used as reference and the differences to atat@dwand projected speed were
calculated. Tab. 2 shows the results and statisti@yses obtained with the different
methods evaluating the 20 fastest runs in eack.cldminimum andmaximum speeds are
indicated as well as the averagag) (@and standard deviationsd( - 1) of the difference#&-D
(accumulated — Doppler) afdD (projected — Doppler).

:mm;m:l;su 28
Fig. 7: Analysed runs from Sandy Point (left, A. Daffesgsurfer) and Westerhever
(right, T. Heinig, speedkiter) measured with Loco&T-11 GPS-devices.
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AD/SP max. 2sec 10sec 100m 250m 500m

min 26.08 25.77 23.99 24.39 22.34 20.71
max 44,92 44.78 44.14 44.42 44.09 42.48
A-D av 0.21 0.20 0.24 0.25 0.23 0.29
A-D sd 0.25 0.23 0.18 0.18 0.19 0.21
P-D av 0.21 0.20 0.19 0.23 0.16 -0.12
P-D sd 0.25 0.23 0.19 0.19 0.20 0.35
TH/WH max. 2sec 10sec 100m 250m 500m
min 40.50 40.46 39.22 39.90 38.81 37.79
max 44.69 44.14 43.07 43.39 43.09 41.73
A-D av 0.26 0.33 0.30 0.36 0.33 0.26
A-D sd 0.26 0.21 0.18 0.22 0.16 0.12
P-D av 0.26 0.33 0.18 0.32 0.15 -0.07
P-D sd 0.26 0.21 0.19 0.23 0.20 0.21

Table 2 Analyses of the 20 fastest runs in different sdgsfrom the two sessions shown
in Fig. 7. Accumulated positional speAdand projected positional speldre compared
which accumulated Doppler-spePd Averages of the differenceav) and standard
deviations $d-10) are shown. All values iknots.

Of course projected speeds are always slower ttamaulated speeds (Fig. 1), thus the
A-D-difference values are always slightly larger thamP-D-differences. For thenax. and
the2seespeeds there are no differences betwe&handP-D because in these cases only
one or two neighboured trackpoints segments a@ved and thus there is no curvature that
could cause a difference. The larger the run-lertgthlarger the differences between
accumulated and projected speeds. All differenceslase to the expected tolerances from
Eq. 5 (which is valid foRo = 95.4% probability, here onlio = 68.3% is used). For the
different classesl) at 40knots speed (20.58m/s) one gets:

max. (1sec): +/-0.84knots, 2sec: +/-0.59knots, d:08£0.27knots, 100m: +/-0.38knots,
250m: +/-0.24knots, 500m: +/-0.17knots

Obviously there is a tendency (bias) for largeresiseproduced by the accumulated
positional speed method compared to the more aecacaumulated Doppler-speed method.
This is caused by geometrical (two-dimensiona@@# that where not included in the one-
dimensional error propagation considerations abdke.accumulated travelled distance of
the positional method is always slightly largemthiae accumulated Doppler method due to
the larger error bounds of the first method andstiigare root of the sum of the squared co-
ordinate differences in the distance calculati@ssiting in higher speeds (longer distance
travelled in the same time).

Laser- and Video-Gate Measurements

In order to compare the GPS-based speed measusagainst the ‘ground truth’ of
laser-gated and video-controlled speed measuresoem preliminary experiments over a
rather short distance (35m) at rather moderatedsp@ealking — running) were performed.

Fig. 8 shows the equipment used, the distance batiie gates was measured by a laser
range finder (Leica LRF 800) and verified using @asuring tape. The laser-gate time-
resolution was 1msec, the cameras produced 25fraaresecond, thus deviations in the order
of +/-40ms (+/-1frame) can be expected due to tisyncronized cameras (parts of the
system were made available by the German Speedgu§isociation VDS (7)).

Results are shown in Table 3. The video-resultsrattee expected accuracy range with a
standard deviation of +/-46ms (about +/-1framed, @PS-measurements are also very close
to the ‘real’ speeds, however, the standard dewnaidf the Doppler-results is much better than
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the standard deviation of both positional GPS-tesabicating the better reliability of the
Doppler-method which is due to the smaller errarrms of this method.

The run-times cover the important 10sec and 250meaahowever, more intense
comparisons over larger distances (250m, 500m)ldhmuperformed in a more realistic
speed range (40knots). It is difficult to compdre different GPS-methods against video- or
laser-gated measurements because of their relatm@ll sampling rate (1/sec), so one
should move with very constant speed to cover éinees(video-controlled) course.

Finally Fig. 9 displays a comparison between pitegpositional GPS-speeds and hand-
stopped, video-controlled speeds during the Sotavigreedweek in Fuerteventura 2006.

Fig. 8 Laser- and video-gated measurements: video-mitierer and -digitizer (left),
laser, video-camera and video-transmitter (right).

Video Video Accumulated Projected Doppler

sec knots knots knots knots
av 0.014 -0.004 0.021 0.017 -0.066
sd 0.046 0.063 0.232 0.234 0.083

Tab. 3. Video-timing, accumulated positional, projectex$ipional, and accumulated
Doppler-GPS-speed measurements versus laser-gatgrtiAverage dv) and standard
deviations $d) are shown for 10 runs (speeds 3.5 to 11.5knét$) 5.9sec run-time).

differences GPS - Video
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Fig. 9. Comparison between video-controlled speeds dd0anscourse and projected
positional speeds measured with Garmin Edge20Bdlogjging rate, no grid-effect) during a
speedsurfing competition in Fuerteventura 2006.rAge deviation: 0.07knots, standard
deviation of the average: +/-0.08knotg )1



Conclusion

The error margins of handheld-GPS measured speedsecdrastically improved by the
use of Doppler-speed-based NMEA-data as compartxttivaditionally used position-based
evaluations. About one order of magnitude in acoucan be gained bringing the Doppler-
speeds into the confidence range of video-contiatleasurements.

The latter suffer from problems with camera adjwestmexact course-length
determination and operator-decisions during evadoaif the runs. The minimum error
comes from the limited frame-rate of unsynchronizacheras and is in the order of +/- one
frame (+/-40msec). For a 500m course an error-@f866knots at 40knots speed (24.3sec
run-time) can be estimated (not taking the othstesgatic error sources into account).

With accumulated Doppler-speed the erros=25.4% probability, Eqg. 5) are in the order
of +/-0.032knots! So even without taking directibeiects in the error propagation into
account, that would further reduce the error marginsingle NMEA-GPS-unit (e.g. a GT-11)
can give better accuracy than the conventionakylwsdeo-systems. However, these speeds
are integrated and averaged along a possibly curagattory and cannot be directly
compared to a straight, video-controlled coursere/oaly start- and finish-transitions are
observed and the really travelled distance is unkno

GPS-units that store positional data only offelo(alone order of magnitude) less
accuracy for speed measurements and don’t allowepbthe GPS-signal integrity. A severe
grid-effect larger than 2m is also not acceptabilessit is larger than the short time stability
of the devices and dominates the error estimations.

However, positional and other data like numberatked satellites, satellite-IDs and
strength have to be monitored along with the Dapgpeeed to increase the confidence in
GPS-based measurements by excluding runs witHisatd#langes or too large HDoP-values.
The GPS-evaluations could be constrained by theéigaal information to a certain
competition area, so instead of a fixed 500m cqurstightly larger area could be marked,
e.g. 550m * 100m taking the absolute positional @R8rs into account and only in this area
Doppler-speed evaluations are performed by thevaodt
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Appendix (24. May 2007)

Directional Doppler-speed

The averaged accumulated Doppler-speed evaluagiserided above offers one order of
magnitude better accuracy than position (trackpdiased speed measurements, but can be
applied as an accumulative method only, integraivey the 1 second segments of the
travelled path. Thus projected, distance baseddspeasurements (compare Fig. 1) are not
possible since there is no positional informatiod a curved trajectory cannot be
distinguished from a straight trajectory.

Traditional, video-controlled speed measuremeni@sone the averaged ‘projected’ speed
over a given, distinct distance (e.g. 500m), tladlyeravelled distance (of the possibly curved
path) cannot be measured and is of no relevance.

In order to have a comparable measure using theddguracy Doppler data available
from handheld consumer GPS, at least directioriainmation is necessary. This information
is contained in NMEA-data (GPRMC-sentence, resoiu@l.01degrees) and also in binary
data directly obtained from the SiRF chipset of@le11 ((8) message ID41: Course over
Ground, COG, resolution 0.01degrees).

The scalar summation of the accumulated Doppleegspereplaced by a vector-
summation over consecutive 1-second piedgs=(1sec, Doppler-speats;, directionq;
measured clockwise from the North-direction) of Wiele trajectory resulting in the total
projected distancBpp, the total timerl, and the average speSsh (compare Eq. 2):

Pob = [(Zdpi)? + (Zdpyy)?7°°
with dpix = ds sin (o) dt; anddpiy = ds cos(a;) dt; (6)

N

)

dpix

oo

dp,= ds,dt, opy

\

Fig. 10 Example of the vectorial sum of three path segeom measured Doppler-
speedsls and direction angles;.

By using the vectorial sum of the path-segmenttbgected travelled distance can be
determined easily without using any less accuraggipnal information.

T= Zdti -> So=Pop/T
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Error Bounds

The accuracy of the Doppler-speed and the correspgrimestamps is very good (see
above: <0.2knots per 1s segment). The vectorial&uime segments is always smaller or
equal than the scalar sum of the segments (ifdgments are all on a straight line, both scalar
and vectorial sums are equal, thus the overallracgus limited by the accuracy of the
corresponding scalar (straight line) sum accurasymming error free angles. If the angles
have errors, these errors will influence the lerggtthe vectorial sum, however, the
corresponding scalar sum still limits the projedthth. Since the vectorial length for a
given total time is always smaller than or equah®accumulated length, the corresponding
average projected speed is also always smallerahaqual to the average accumulated speed
and thus limited by the latter measure.

Assuming that the mean Doppler-speed error spanartple-rangdae = asin (e/ds),
one can estimate the maximum angle error at adlyppeed ofls = 40knotsde = 0.2knots
asdae = 0.29 degrees corresponding to a relative priojedength difference of 0.00125%
with a mean value of 0.

Fig. 11 Angle error estimation from measured Doppler-gsg Doppler-speed errale
and direction angle;.

The angle differences between neighbored segments general rather small (a few
degrees maximum), thus the projected Doppler-spaeds are dominated by the
accumulated Doppler-speed errors (in forward/bactwi&ection) that are given by Eq. 4
and are thus in the same order as for the correapgpaccumulated speed.

Conclusion

By using additional directional information and ttwresponding Doppler-speeds
projected Doppler-speed evaluations can be peribmuith the same accuracy as
accumulated averaged Doppler-speeds over the sdaheun-time. Linear interpolation as
described above to compute averaged speeds foea grojected distance (e.g. 500m) can be
done with projected Doppler-speed as well. Thukliigccurate, projected distance speed
measurements can be performed that can directtpimgared to traditional video-timing
measurements with available handheld consumer @Figeas like the GT-11 without using
any less accurate positional data.

Reference
8. SIRF Binary Protocol Reference Manual
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Appendix 2 (29. May 2007)

Error Propagation

In order to estimate the error propagation of trexaged projected Doppler-speed due to
Doppler-speed- and -angle errors the partial dévies of Eq. 6 have to be determined (time
intervalsdt; are considered error-free):

Pop = [X? + Y3 with X =Zdpyx and Y = Zdpy (7)
OX /dds =sin(aj) dt; and X/ da; = ds cos(a;) dt;
oY / &ds =cos(ai) dt; and &Y / éa; = -ds sin (o) dt; 8)

For the total error of the accumulated distardes, follows:

APpp? = Z[(8Ppp / 8ds)? Ads®+ (BPpp / 8ai)? Aai?] =
S[(X 8X / dds + Y &Y / 8ds)? Ads? + (X 8X / 8ai + Y &Y / 8ai)* Aai?] / Ppp? (9)

By a rotation @ir) of the co-ordinate system (without loss of gelig)asuch that the sum

of all x-segmentsX = Zdpi) is equal to 0, the expression in Eq. 9 can blsied (the
rotation does not change the total erroPgf = Y, q;is replaced bg; = a; - ag).

APpp? = Z[(8Y / 8ds)? Ads? + (BY / 8ai)? Aai?] =
>[cog (B) dt? Ads? + ds? sir? (Bi) dti? Aai?] (10)

If all Doppler-speed errakds are equal (Ads), all angle errorda; are equal (Aa),
and all time intervaldt; are equal (=lt) Eg. 10 simplifies further to:

APpp? = {AdS Zco (B) + Aa? Z[dsi? sin? (Bi)]} dt? (11)
APpp = {Ads” Zcos (Bi) + Aa® Z[dsi® sin? (Bi)]}° dt (12)

For the averaged speed erxSpp follows with ASpp = APpp / (N dt):
ASop = {AdS® Zcog (B) + Aa? Z[dsi® sin® (B)]}°°/ N (13)

A comparison to the error of accumulated Doppleresp(special case wifh = 0)
without directional data shows the small influen€éhe angle-errors that can easily be
calculated by Eq. 13

APpp = Ads NP dit ASpp = Ads | N (14)

Example for a 500m run with N = 25 20m-segmedss£ 20m/s = 38.9knots), Doppler-
speed-erroAds = 0.2knots, angle-errdxa = 0.2° = 0.0035rad3; = (i - 13) 0.0175rad
(bended run -12°...12°).

Error of accumulated Doppler-speefiSop = Ads / N°>= 0.2 / 28°= 0.2 / 5 = 0.04knots

Error of projected Doppler-speeldos (Bi) = 24.606 2[ds? sirf (Bi)] = 38.9*0.394):

ASop = {AdS® Zcog (Bi) + Aa? Z[ds? sir® (B)]}°°/ N =

(0.2 24.606 + 0.003538.9 0.394§/25 = 0.0398knots

This means that projected ‘straight’ Doppler-speectan be measured with about the
same accuracy than accumulated ‘curved’ Doppler-spzal.
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